IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Differential constraints and exact solutions of nonlinear diffusion equations

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2003 J. Phys. A: Math. Gen. 36 1401
(http://iopscience.iop.org/0305-4470/36/5/315)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.89
The article was downloaded on 02/06/2010 at 17:20

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/36/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 36 (2003) 1401-1414 PII: S0305-4470(03)36074-3

Differential constraints and exact solutions of
nonlinear diffusion equations

Oleg V Kaptsov and Igor V Verevkin
Institute of Computing Modeling RAS, Academgorodok, 660036, Krasnoyarsk, Russia
E-mail: kaptsov@ksc.krasn.ru

Received 22 April 2002, in final form 11 November 2002
Published 22 January 2003
Online at stacks.iop.org/JPhysA/36/1401

Abstract

The differential constraints are applied to obtain explicit solutions of nonlinear
diffusion equations. Certain linear determining equations with parameters are
used to find such differential constraints. They generalize the determining
equations used in the search for classical Lie symmetries.
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1. Introduction

Differential constraints were introduced originally in the theory of partial differential equations
of the first order. In particular, Jacobi used differential constraints to find the total integral of
nonlinear equation

F(xl,...,x,,,z,le,...,zxu)=O.

Konig applied them to the equation of the second order [1]. They required that the
corresponding overdetermined system was compatible. The general theory of overdetermined
systems was developed by Delassus, Riquier, Cartan, Ritt, Kuranishi, Spencer and others; one
can find references in [2]. Now the applications of overdetermined systems include diverse
fields such as differential geometry, continuum mechanics and nonlinear optics.

The general formulation of the method of differential constraints requires that the original
system of partial differential equations

F'=o0,... F" =0 (1)
be enlarged by appending additional differential equations (differential constraints)

h1=0,... h,=0 2)
such that the overdetermined system (1), (2) satisfies some conditions of compatibility.
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One can derive many exact solutions of partial differential equation by means of
differential constraints. It was particularly shown in [3] that some soliton solutions can
be found using differential constraints. Olver and Rosenau [4], Olver [5], Kaptsov [3],
Levi and Winternitz [6] show that many reduction methods such as non-classical symmetry
groups, partial invariance, separation of variables and the Clarkson—Kruskal direct method
can be included into the method of differential constraints. In practice, methods based on
the Riquier—Ritt theory of overdetermined systems of partial differential equations may be
difficult. The problem of finding all differential constraints compatible with certain equations
can be more complicated than the investigation of the original equations.

Recently, a new method was proposed for finding differential constraints, which uses
linear determining equations. These equations are more general than the classical determining
equations for Lie generators [7] and depend on some parameters. Given an evolution
equation

uy=F(t,x,u,uy, ..., uy) 3)
where u; = ng’Z, then according to [8] the linear determining equation corresponding to (3) is
of the form

Dy(hy =) Y buD " (Fy ) Dy () by €R. “)

i=0 k=0
Here and throughout D;, D, are the operators of total differentiation with respect to ¢
and x. Equality (4) must hold for all solutions of (3). The function 2 may depend on

t,X,u,uy,...,up. The number p is called the order of the solution of equation (4). If we
have some solution /, then the corresponding differential constraint is
h=0. %)

It was also shown in [8] that equations (4) and (5) constitute the compatible system. Thus we
sketch the derivation of some solutions to the evolution equation (4):

(D) Find solutions of the linear determining equations (4).

(I) Fixing the function &, we obtain differential constrain (5).

(IIT) Find the general solution of (5) which includes some arbitrary functions a; depending
ont.

(IV) Substitute the general solution into (3). It leads to ordinary differential equations for
functions a;.

(V) Solve the ordinary differential equations and obtain a solution of the evolution
equation (3).

In this paper, we start with determination of the solutions of linear determining equations
of the second and third orders for the nonlinear diffusion equation
k
up = (uuy)y + f(u).
These solutions exist only if f belongs to the special forms. Then we use the obtained

functions £ to find solutions of the last equation. In the final section, we derive exact solutions
of two-dimensional equation

u;, = Aln(u).
2. Linear determining equations for differential constraints

In this section, we briefly discuss the method of linear determining equations [8]. For simplicity
we will consider an equation of the second order,
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u, = F(t,x,u,uy, uy). (6)
According to [3] a differential constraint

h=u,+glt,x,u,uy,...,u,—1) =0 (7)
and equation (6) satisfy the compatibility conditions if and only if

D, h|igna1 =0. (8)

The latter fact means that D,k vanishes on [E] N [H]. We denote by [ E] equation (6) and its
differential consequences with respect to x. The constraint (7) and its differential consequences
with respect to x are denoted by [H].

A manifold H given by equation (7) is called an invariant manifold of (6) if the function
h satisfies (8). It can be shown that (8) is equivalent to the following condition,

Dt(h)llE] = FuzDi(h) + (Fu| +an (Fug)) Dx(h) + <Fu +an (Fu]) - hu,,,]Dx(Fug)

+ @Di (Fuz) + Fughhun—l“"*' - ZFMZDX (h“nl)>h "

withn > 4.
Indeed, it is easy to see that

D,(h)ig) =~ D"(F) +h,, ,D""'(F) +h,, ,D"*(F). (10)

Here and throughout we write @ ~ B to indicate that there are no terms including u,,, u,+1,
u,+ in the difference « — B . Since n > 4, the terms on the right-hand side of (10) can be
represented as follows:

—1
DI(F) = Fytyar + [Fuy + 1Dy (Fuo) ]t + [Fu +nD,(F,) + ”(”T)Di (Fuz)i| "

hu,,,lDzil(F) x~ hu,l,l [un (Ful + (I’l - l)Dx (Fuz)) + un+1Fu2]

hy, ,D"*(F) =~ u, Fy,h

Up—2 Up—2*
Hence (10) can be written as

nn—1)
Dt(h)\[E] x~ Fuzun+2 + Up+l [Ful + an (Fuz) + Fughu,,,l] + I:Fu + TD)% (Fuz)

+nDy (Fy,) +hu, , (Fu, +nDx(F,,)) + F,,zh,,“z:|u,1.

It is easy to see that

Dy (h) = ups1 + unhy,

Di(h) X Upp + Unsrhy, |+ Up [hurk2 +2D, (huH) — unhuHuH] .
Hence the difference

D;(h) ) — Fu, DE(h) — [Fu, +nDx(F,,)] Ds(h)

contains no terms with u,., and u,,;. A direct calculation shows that there are no terms
containing u, in the expression for the function

y = Di(h) gy — M(h)



1404 O V Kaptsov and I V Verevkin

where
M(h) = F,,D;(h) + [F,, +nDx(Fy,)] Dx(h) + [F +nDy(F,,) — hu, D (Fu,)

+ ”(”T_I)Di (Fu) + Fushhu, v, — 2Fu, Dy (hu”l)}h

that is, y >~ 0. We claim that y is equal to zero. Since H is an invariant manifold, it follows
that

MMh)+y =0
on the set [E] N [H]. Clearly, M (h) vanishes there, therefore

Ve = 0.
Since y is independent of u,, u;y, ..., we can rewrite the last equality as follows:
Vi = 0.
As shown above, y =~ 0, that is y can depend only on u,_1, u,—>, . ... On the other hand, &

depends on u,. Hence y is equal to zero.

Itis clear that equation (9) is difficult to solve, therefore, in place of the nonlinear equation,
we propose to use linear equations of a similar kind in the search for invariant manifolds. This
leads to the following definition.

The equation of the form

Di(h) ) = Fu,Di(h) + (c1 Fyy + 2Dy (Fy,)) Di(h) + (c3F, + ca Dy (Fy,) + ¢sDi(F,,)) h
(1D

is called the linear determining equation corresponding to (6). Here cy, ..., c5 are some
constants.

Obviously, if & satisfies (11), then 7 = 0 is an invariant manifold of (6). The classical
determining equations used in the search for infinitesimal operators [7] are special cases of
(11), with ¢; = ¢3 = 1, ¢ = ¢4 = ¢5 = 0. However, the method of conditional symmetries
[9] of Bluman and Cole can give other invariant manifolds. In fact, they require that the
function

h = é(ts X, u)ut + T(ts X, u)ux + r](tv-xv M)

be a solution of equation (8). Although it is difficult to seek the general solution of (8), some
authors found interesting solutions [6, 9, 10].

King, Galaktionov and Posashkov derived many solutions of equation (7) constructing
finite-dimensional functional linear spaces invariant under a given differential operator
[11-16]. They seek solutions of the form

N
u(t, x) =y fi(1)gi(x).
i=0
In fact, the functions g; satisfy linear ordinary differential equations [17]. Moreover, it is
necessary to rewrite equation (6) in the form which includes linear and quadratic terms or
cubic nonlinearities [14]. This approach will be called invariant subspace method. When we
apply the linear determining equations we can use the original equation (6) without restrictions
on linear differential constraints.
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3. Solutions of linear determining equations

The nonlinear diffusion equation

up = (Qux)x + f(u) 12)

often arises in the description of various physical processes. The group classification of the
equation has been carried out in [18]. In physical applications Q is usually taken to be a power
function. In this section, we consider the equation

= W), + f(u) (13)

where f is a differentiable function, g # 0. If ¢ = —2, f = u or f = const then equation (8)
can be linearized. We shall not discuss this case here.

The main goal of this section is to find solutions of (11). The linear determining equation,
which corresponds to (13), is

D, h|ig = u"th +biqucud™'Deh + (b3qu"_'um +byq(q — l)u"_zui + b4fu) h (14)

where by, ..., by € R. We shall seek solutions to (14) in the form
h=u,+g(t,x,u,...,u,_1)

where n > 2, u;, = % The method for finding solutions is very similar to the standard

procedure applied in the group analysis of differential equations [19] and only one of all
possibilities is described here for the sake of brevity.

We set n = 2. First, let us express all #-derivatives in (14) using (13). As a result,
the left-hand side of (14) becomes a polynomial with respect to usz, up. The polynomial
must identically vanish. Collecting similar terms we obtain the following relations for the
coefficients of u3 and u3

q(bl - 4’) =0 UBuiu, +C](b3 - 3) =0.
Thus b; = 4 and g can be represented as follows,

3—b
g = (273)('11/{%4.(1(”, t,x)up+g1(u,t, x).
u

Here a and g; must be functions of u, t and x alone. Collecting the coefficients of uzu% and
usu1, we have the equations
2byq — 2by — biq +b3q +4b3 — 6q =0 s,
2ua, +q(bs+ 1)a = 0.
It follows from the last equation that

_ U+by)
a=a (t,x)u” 2 ¢

where a; is a function of # and x. Next we consider the coefficient u3 and obtain equation
4byq — 4by + b3q — 4bsq +2b3 — 9g +6 = 0. (16)

From (15) and (16) it follows that b3 = 1 or b3 = ‘%2
3g—2
q-1"

U (2ay, + fu(bs — 1) +u**'qg, = 0.

Assuming b3 = 1, we obtain b, = The coefficient of u, gives us equation

The equation enables us to express

1
g = gu‘*q (ful —by) —2ay,).
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The coefficient of u7 yields Euler equation
1 (1 = b4) fuuw + 0?2 = qbs — 204) fuw — uq® fu +q* f = 0.

Consider for simplicity the case by = 1. It is easy to see that the last equation has two types
of solutions,

f=ku+nu? qg #—1
or
f=ku+nulnu qg=-—1

where k, n are arbitrary constants. Let us focus on f = ku + nu~9. It follows from above
calculations and equation (14) that

ud+! (—qall = 3ulgay,, —4ula;,, + qual) ui +nqglau,
+2u?" (a1, —ulay,,, —kqay,)+2una;, =0. (17)

From (17) we have na; = 0.
If a; = 0, then the solution of (14) is & = us + qu} /u. If n = 0 and ¢ % —%, then one
easily computes
a; = (rx +s) ek’
2 2
h=up+ qﬂ + ((rx +s)uy — —ur> u=9ekdt,
u q

we obtain

In the case g = —%,

4
ay = (rx’ +sx +p)e X

4u? 2 3 4/3 ikt
h=u2—3—+ (rx +sx+p)u1+§u(2rx+s) ue 3,
u

It can be shown that the functions & lead to invariant solutions of the corresponding
equation (13).
We omit here for the sake of brevity intermediate calculations and give the list of solutions
to equation (14):
(1) If g = —1 and f = su + ru In(u), then
2

u
h = u; — —.
u
2) Ifg # —1and f = su+ru?,then
2
h =u2+%.
u
(3) Ifg = —2 and f = su +ru’, then
" 3u%
=uy — —.
2 2u

(4) If g =1and f = ru, then
h=uy+se uu +r/3.
(5) If g is an arbitrary constant and f = su + ru' =7, then
(q — Du
u

h:uz—

Herer, s € R.
We did not include functions % that correspond to invariant solutions of equation (13).
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If we look for solutions to equation (14), which depend on third derivative, then we will
obtain the following list:

(1) If g is an arbitrary constant and f = su +ru'~7 + "(Z—;")u"”, then

3(g — 1 3
h =u3+Mu1u2+(q2—3q+2)u—; +nuy.
u u

Qa) Ifg # 1 and f = nu + éuq”, then

3g — 1 3
h=u3+7( 9 )u1u2+q(q—2)—u;+ru1. (18)
u

2b) If g = —2o0rqg = —% and f = nu + guq” +mu?*3 then h is also given by (13).
3) Ifg = —% and f = mu, then

Suju 5u°
h=us— 21 2y 4—; Fre IS g g2y 12
u u
4 Ifqg = —% and f = nu +mu>/?, then
15uiuy  35u’
h=uz— 21 2y 1 2' +re 22,
u u

(5) Ifg = —1 and f = mu — 2ku'/?, then

Sujus  Sul
+ —; +kuy +semyl2,
2u 4u

(6) If g = —3 and f = nu, then
15uqu, 35u?

2u 4u?
(7) If g = —1 and f = mu, then
duiu, 3u?

+—2+se
u u

h=u3—

e—n/21,9/2 ~3nt/2,,5/2.

h=u3—

+ s +re

—2mtu2u1.

h=u3—

Here r,s,m,n € R. We also did not include functions % leading to invariant solutions
of (13).

We have found solutions of (14) which correspond to special functions f. Most of these
functions lead to the diffusion equations (13) that have been studied in [11-16]. However,
we did not transform equation (13). Moreover, the solutions of (14) generate new nonlinear
differential constraints.

4. Solutions of diffusion equations

In this section, we shall use the functions obtained above to construct solutions of diffusion
equations (13). One can apply the method described in the introduction.

We first take the function h = uy + qu? / u, where g € R, corresponding to some cases
mentioned above. Simply by equating this function to zero, we obtain the differential constraint

up +qui fu = 0. (19)
Equation (19) has two types of solutions,

U= (cix +cy)it q #—1 (20)

u=cpe? qg=-—1 20

where ¢, ¢, are functions of ¢.
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If we substitute the representation (21) into equation
uy = (Uy/u)y +kulnu (22)

then this leads us to differential equations for cy, c;. From these equations it is easy to find
c1, ¢z and obtain the following solution of (22),

u = siexp(srx et 51,52 € R.

Obviously, this is a regular solution. If s2 < 0, then u —> 0 as x — oo.
This solution can be found by means of easy generalization of the invariant subspace
method. Indeed, the transformation u = e’ leads (22) to the form

v, = e Vv, + k.

Obviously, a linear subspace W = {1, x} generated by functions 1 and x is invariant under
nonlinear operator A(v) = e "vy,. It follows that equation (22) has above solution.
Substituting (20) into equation

u, = Wluy), +su+ru?

we find the solution

u=e' <ax +b— exp(—s(q + 1)t)> b

s(g+1)
with a, b € R. If g satisfies the condition —1 < ¢, then this solution is regular. The last
solutions can be found by generalized version of the invariant subspace method.

Now let us consider some differential constraints of the third order. We start with the
equation

+1
Uy = (uqux)x+su+rul*q+nq—2u‘]+1 neR. (23)

As explained above, this equation is compatible with the differential constraint
3

uiuy 2 uj
uz+3(g—1D——+(q" =3¢ +2)—= +nu; =0. 24)
u u
By a change of variable v = u? one may rewrite (23), (24) in the following way:
1 +1
vy =vvxx+—v§+nq v2+sqv+rq (25)
q q
vy +nv; = 0. (26)

If n > 0, then we have Galactionov’s solutions [15] obtained by means of the invariant
subspace method.

We will give one example of explicit solution of equation (25), withn = —1,q = —1
and r = 0. This solution has the representation
v(t,x) =a+be" +ce™” 27

and the functions a, b, ¢ are
a = ay sin(pri e +m)e"/cos(pri e’ +m)
b = aye/cos(pri e +m)

= aze"/cos(pr; e +m)

(9}

where a; = prlz, as = pzrf/4a2, ry = —s and p, a, m are arbitrary constants.
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Now let us consider the special case of equation (23)
U, = (zfl/zux)x +mu — 2k/u m,k eR (28)
and the differential constraint
Sujus SM?

mt /2 _
» +m+kul+se Ju=0. (29)

Using equation (28), one can write (29) as

usz —

(Inu)y +se™?u=! = 0.
Replacing In(e”/?u~") by w, the last equation is replaced by the Liouville equation
w;, =sev’.
Since the general solution of the Liouville equation is
27T’ X’
=ln———
s(T + X)2
it gives the representation
_s(T+X)? o2
- 27X
where 7 and X are the arbitrary functions of # and x respectively.
It is possible to show that the last representation leads to the solution

u = (a; +aye™’?)? (30)
where ay, a; are functions of x. This yields the following system for a; and a;:

alm+a12m/2—a1k=0 (€28

a, +ajaym/2 —ark = 0. (32)

In general, it is possible to express a; in terms of the Weierstrass function o and a; in terms
of Lamé’s function [20] . However, if m = 12 and k = 4 , then the functions

1
a) == —————
! cosh?(x)
a b sinh4x sinh2x 3x
a = 3 + 3 + + — a,beR
cosh”(x) cosh”(x) 32 2 8

satisfy equations (31) and (32).
King [11] found solutions of the multidimensional version of (28), with m = k = 0,
namely

u, =V (u"?vu).
The solutions have the form
u = (a +agt)2

where a; and a, are some functions of x € R". Galaktionov and Posashkov [16] explained
existence of these solutions by means of the invariant subspace method. The same is true of
the representation (30).

According to our results in the previous section, as k = 0, equation (28) is compatible
with the differential constraint

Suqus . Su?
2u 4y

us — +re M 4 s e u = 0. (33)
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Using equation (28), one can write (33) as
IRy syl = 0. (34)

Replacing In(e™>""/?u) by w in (34) yields

(Inu),+re

Wiy +e¥ +sre WM = .

If we set s = 0, then from the last equation we find the following representation,
_ 2X'T" g
(X +T)?
where T'and X are the arbitrary functions of 7 and x respectively. Substituting this representation
into (28) leads to equation

V=2 r M —m(THVAX +T) = 2(T) V2T (X + T) + 4(T")/?)
= 2X" (X)X +T) +8X (X)) V2(X +T)
—8(X) 2+ (X"2(XH) (X +T)%
It can be shown that the functions X and 7 satisfy the previous relation if and only if they
are solutions of the equations

(X = (X3 + X+ X + ) (35)
(T = A(—c3T? + T — 1 X + )’ (36)

where c3, ¢z, ¢ and ¢ are arbitrary constants, A = (—2r)'73.
The solutions of (35) and (36) can be expressed in terms of the Weierstrass function g
[21]. Indeed, one can write (35) and (36) as

(X') = (c3(X — o)) (X —a2)(X — a3))? (37)
(T') = A(=e3(T + a))(T + ax)(T +a3))%. (38)

Replacing X — ) by 1/Y in (37) yields

(Y)Y’ +B*(Y = b)*(Y = b2)* =0
where B = c3(ax — op) (03 — ), by = ﬁ
that Z3 = B(Y — b))(Y — b»), we obtain equation

2 2
(Z')* + %Bz* + w =0. (39)
The solutions of the last equation are expressed in terms of the Weierstrass function .
Applying the above process to (36), we obtain an equation such as (39). We think that it is
difficult to obtain the last solution by means of the invariant subspace method because the
Weierstrass function satisfies the nonlinear equation. The invariant subspaces are generated
by solutions of linear differential equations. On the other hand, we applied the differential
constraints of the third order in contradistinction to the method of conditional symmetries
where the constraints of the first order are considered.
If we fail in integrating the differential constraints explicitly, then we can do this
numerically [3]. We shall omit here other cases of the differential constraints and discuss
briefly in the next section the two-dimensional equation.

, by = —— . Introducing new function Z such

az—ag

5. Two-dimensional equation

We consider here the fast diffusion equation
u;, = Aln(u). (40)
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Some applications of this equation can be found in [22]. If we set u = 1/v, we
obtain

v, = v*Aln(v). (41)

Galaktionov [14] used the above representation to find exact solutions of (40). King [23] and
Pukhnachev [24] also obtained some interesting solutions.
One of these solutions is the travelling wave given by

v =1+cexp(mx +ny — (m?+n?)r) (42)

where ¢, m and n are arbitrary constants. Obviously, this is invariant solution.
We can derive other explicit solutions using invariant subspaces [14] or linear differential
constraints. Galaktionov [14] obtained the following representation,

v = 59+ 851 cos(x) +spsin(x) +s3¢e” +s47

where the functions s; (f) satisfy ordinary differential equations

Sp+ ST +53 —4s3s4 =0 (43)
sp+s150 =0

s+ 5250 =0 (44)
55— 8350 =0 (45)

S!t — 8$4850 = 0.

Now we find explicit solution of the last system. Because of (44) and (45) we have
s5/s5 +53/50 = 0.
This yields
$2=c2/53 o eR.
By arguments similar to that used above, we have
s =c1/83 S4 = €453 c1,cq € R
Substituting this into (43) leads to
s+ (e +¢3) 537 — deasi = 0.
From (45) we express the function sy and obtain
(Ins3)" = as3 — bs;? (46)
witha = 4c4, b = c% + c%.
Setting a = b = 1 one can derive two elementary solutions
s3 = tanh(t) s3 = tan(t).
In general, the solutions of (46) can be expressed in terms of elliptic functions. It is easy to
obtain the correspondent function u.

Using differential constraints we can seek new solutions of (41). Obviously, the solution
(42) satisfies the differential constraints

vy —mv+m =0 vy —hv+n=0.

It is possible to find other constraints that are linear with respect to x, y and v.
It can be shown that the differential constraints
¢ — cop tan(t) 2 9
—————— (v—xco—yc1+1t(cyg+ci)) =co
S (¢ +c)
co + ¢y tan(t) 5 5
Uy — ————— (V—xco —yc1 +1 (cy+ci)) =ci
Y 0(2) + Clz ( ( 0 l))
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are compatible with equation (41). Here ¢y and ¢ are arbitrary constants. The solution of
(41) corresponding to these constraints is

vV=cox +c1y — (cé + clz) t +cycos(t) exp(mix + myy + mst). 47)
Here ¢y, ¢, ¢ are arbitrary constants and
cotan(zr) — ¢y citan(t) + co
m; = 5 2 ny = Q5 3 ns = —tan(t).
¢y + ¢y +cy

Galaktionov [14] constructed the invariant subspace W generated by the functions 1, cos(2x),
cosh(2y), cos(x) cosh(y). Obviously, the above solution cannot be obtained by means of this
invariant subspace.

It is well known that equation (40) is invariant under infinite-dimensional algebra of
symmetry [25]. Some solutions of (40) were obtained by means of these symmetries in
[18, 23]. It is convenient to apply the complex conjugate variables z = x +1iy,z = x — iy.
We can write equation (40) as

13%Inu
u; = — — .
4 9z0z
It is easy to check that (48) is invariant under the transformation
7 =A@ 7 =B() u'=u/(A;Br)
where A(z) and B(Z) are arbitrary functions. In other words, if the function f(z,z,7) is a
solution of (48), then f (¢, A(z), B(Z))A,B: also satisfies (48).
For example, from (47) we can construct the following solution of equation (40),
AZAZ
u = = = = =
C+acostexp(Ctan(t) + (d —d)(A+A)+(d+d)(—A+ A))i/2)
where A is an arbitrary function of z, A is the complex conjugate function, C = dA +dA —
4/A)*t,anda e R, d € C..

(48)

6. Conclusions

In sections 3 and 4 we have shown how the method of the linear determining equations
can be applied to find explicit solutions to nonlinear diffusion equations. We have found
exact solutions of these equations, using only the simplest solutions of the linear determining
equations. It is interesting to find solutions of the linear determining equations depending on
derivatives of higher orders. Shmidt [26, 27] applied this method to other parabolic equations
and some systems; application to the elliptic equation is discussed in [8].

In section 5 we have considered the two-dimensional equation. Applications of systems of
the linear determining equations to multidimensional equations are discussed in [28]. Solutions
of these systems give differential constraints which are compatible with the input equations.
In [28], we introduced the linear determining equations to some classes of non-evolution
equations as well. However, this is the first step in application of the above method.

Using results of section 4 one can find the following representation,

u=(a+bem?)? (49)
of solution of equation

u,:A(ul/z)+mu+nul/2 m,n e€R
where the functions a(x, y) and b(x, y) must satisfy the system

Aa = ma* + na Ab = mab + nb.
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It is easy to show that the differential constraint
Uy = u,z/2u +mu, /2

leads to the representation (49). The interesting reductions of some diffusion equations in
several independent variables can be found in [16, 29]. It is important to explain these
reductions by means of differential constraints.
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